Abstract. In this paper we extend the geometric formalism of the HamiltonJacobi theory for time dependent Mechanics to the case of classical field theories in the k-cosymplectic framework.
Introduction
The usefulness of Hamilton-Jacobi theory in Classical Mechanics is well-known, giving an alternative procedure to study and, in some cases, to solve the evolution equations [1] . The use of symplectic geometry in the study of Classical Mechanics has permitted to connect the Hamilton-Jacobi theory with the theory of Lagrangian submanifolds and generating functions [3] .
At the beginning of the 1900s an analog of Hamilton-Jacobi equation for field theory has been developed [29] , but it has not been proved to be as powerful as the theory which is available for mechanics [4, 5, 25, 26, 28, 30] .
There are several recent attempts to extend the Hamilton-Jacobi theory for classical field theories in a geometrical setting. For instance in the framework of the so-called multisymplectic formalism [14, 25, 26] (see also [6, 11] for a general description of the multisymplectic setting) or in the k-symplectic formalism in [16] (see [24, 27] for a discussion of the relationship between both formulations, see also [10] ). Our method is based in that developed by J.F. Cariñena et al. for Classical Mechanics [7, 8] (see also [13, 15] ).
In the context of Classical Field Theories, the Hamiltonian is a function H = H(x α , q i , p where
The aim of this paper is to extend the Hamilton-Jacobi theory to field theories just in the context of k-cosymplectic manifolds [19, 20, 21] . The "dynamics" for a given Hamiltonian function H is interpreted as a family of vector fields (a k-vector field) on the phase space R k × (T 1 k ) * Q (or in general on a k-cosymplectic manifold (M, η α , ω α , V )).
The paper is structured as follows. In Sec. 2, we recall the notion of k-vector field and their integral sections and give a briefly description of the k-cosymplectic formalism. In Sec. 3 we discuss the Hamilton-Jacobi equation in the k-cosymplectic context. Finally, an example is discussed in Sec. 4 , with the aim to show how the method works.
We shall also adopt the convention that a repeated index implies summation over the range of the index, but, in some cases, to avoid confusions we will explicitly include the summation symbol.
The k-cosymplectic formalism
The k-cosymplectic formalisms [19, 21] is one of the simplest geometric frameworks for describing first order classical field theories (see [2] for the k-symplectic case). It is the generalization to field theories of the standard cosymplectic formalism for nonautonomous mechanics and it describes field theories involving the space-time coordinates on the Lagrangian and on the Hamiltonian cases. The foundations of the k-cosymplectic formalism are the k-cosymplectic manifolds. In this section we briefly recall this formalism.
2.1. Geometric preliminaries: k-vector fields and integral sections. In this section we briefly recall some well-known facts about tangent bundles of k 1 -velocities (we refer the reader to [17, 18, 22, 23, 24, 27] for more details).
where x = η(0), and v αp = T η(0)( ∂ ∂x α 0 ). Here (x 1 , . . . , x k ) denote the standard coordinates on R k . T 1 k M is called the tangent bundle of k 1 -velocities of M or simply k-tangent bundle for short, see [23] .
Denote by (x i , v i ) the fibred coordinates in T M from local coordinates (x i ) on M . Then we have fibred coordinates (
we deduce given a k-vector field X is equivalent to giving a family of k vector fields X 1 , . . . , X k on M by projecting X onto each factor. For this reason we will denote a k-vector field by (X 1 , . . . , X k ). Definition 2.2. An integral section of the k-vector field X = (X 1 , . . . , X k ), passing through a point p ∈ M , is a map ψ :
A k-vector field X = (X 1 , . . . , X k ) on M is said to be integrable if there is an integral section passing through every point of M .
In local coordinates, we have
and then ψ is an integral section of (X 1 , . . . , X k ) if and only if the following equations hold: ∂ψ 2.2. k-cosymplectic manifolds. Let Q be a differentiable manifold, dim Q = n, and π : The manifold J 1 π Q of 1-jets of sections of the trivial bundle π Q :
Throughout the paper, we use the following notation for the canonical projections
with ν q ∈ T * Q, and the induced local coordinates (
i ∧ dp i is the canonical symplectic form on T * Q and θ = p i dq i is the Liouville 1-form on T * Q. Obviously ω α = −dθ α .
In local coordinates we have
Moreover, let
A simple inspection of the expressions in local coordinates, (2.3) and (2.4) show that the forms η α and ω α are closed, and the following relations hold
Inspired by the above geometrical model we introduce the following (see [21] ),
, where each η α is a closed 1-form, each ω α is a closed 2-form and V is an integrable nk-dimensional distribution on M satisfying (i) and (ii). M is said to be a k-cosymplectic manifold.
The following theorem has been proved in [21] :
These coordinates will be called Darboux coordinates. The canonical model for these geometrical structures is (
2.3. k-cosymplectic Hamiltonian field theory. In this section we introduce the k-cosymplectic description of the Hamilton-De Donder-Weyl equations
where locally
). This approach was firstly introduced by M. de León et al. [21] . We will consider the general case on an arbitrary k-cosymplectic manifold M but everything can be particularize for the case of
Hamiltonian system and X = (X 1 , . . . , X k ) a k-vector field on M solution to the system of equations
where R 1 , . . . , R k are the Reeb vector fields associated with the k-cosymplectic structure on M which are characterized by the conditions
is an integral section of the k-vector field X, then ψ is a solution of the Hamilton-De Donder-Weyl equations (2.5).
Proof. Let X = (X 1 , . . . , X k ) be a k-vector on M solution to (2.6). In Darboux coordinates each component X α of the k-vector field X = (X 1 , . . . , X k ) has the following local expression
we deduce that equation (2.6) is locally equivalent to the following local equations
Let us suppose now that X = (X 1 , . . . , X k ) is integrable and
Therefore, from (2.7) and (2.8) we obtain that ψ(
) is a solution of the following equations
where 1 ≤ i ≤ n and 1 ≤ α ≤ k, that is, ψ is a solution to the Hamilton-De Donder-Weyl equations (2.5).
Consequently, the equations (2.6) can be considered as a geometric version of the Hamilton-De Donder-Weyl field equations. From now, we will call these equations (2.6) as k-cosymplectic Hamiltonian equations.
if X is a solution of (2.6). We denote by X k H (M ) the set of k-vector fields which are solution of (2.6).
Remark 2.8. We will discuss here about the existence and uniqueness of solutions of equations (2.6).
First of all, we shall prove the existence of geometric solutions.
Let (M, η α , ω α , V ) be a k-cosymplectic manifold; then, we can define the vector bundle morphism
and, denoting by M k (C ∞ (M )) the space of matrices of order k whose entries are functions on M , we also have the vector bundle morphism
From the local conditions (2.7) we can define in a neighborhood of each point x ∈ M a k-vector field that satisfies (2.6). For example we can put
Now one can construct a global k-vector field, which is a solution of (2.6), by using a partition of unity in the manifold M (see [19, 21] for more details). It should be noticed that, in general, equations (2.6) do not have a unique solution. In fact, the solutions of (2.6) are given by (X 1 , . . . , X k ) + (ker ω ♯ ∩ ker η ♯ ) for a particular solution (X 1 , . . . , X k ).
Let us observe that given a k-vector field
In the case k = 1 with M = R × T * Q the equations (2.6) reduces to the equations of the non-autonomous Hamiltonian Mechanics. ⋄
The Hamilton-Jacobi equation
There are several attempts to extend the Hamilton-Jacobi theory for classical field theories. In [16] we have described this theory in the framework of the so-called k-symplectic formalism [2, 9, 17, 18] . In this section we consider the k-cosymplectic framework. Another attempts in the framework of the multisymplectic formalism [6, 11] have been discussed in [14, 25, 26] .
Along this section we only consider Hamiltonian systems defined on the phasespace
In Classical Field Theory the Hamilton-Jacobi equation is [29]
where
The classical statement of time-dependent Hamilton-Jacobi equation for analytical mechanics is the following [1]:
Theorem 3.1. Let H : R × T * Q → R be a Hamiltonian and T * Q the symplectic manifold with the canonical symplectic structure ω = −dθ. Let X Ht be a Hamiltonian vector field on T * Q associated to the Hamiltonian H t : T * Q → R, H t (ν q ) = H(t, ν q ), and W : R × Q → R be a smooth function. The following two conditions are equivalent:
the curve t → dW t (c(t)) is an integral curve of X Ht , where
that is,
In this section we introduce a geometric version of the Hamilton-Jacobi theory based in the k-cosymplectic formalism. In the particular case k = 1 we recover the above Theorem 3.1 for the time-dependent classical mechanics.
For each x = (x 1 , . . . , x k ) ∈ R k we consider the following mappings
* Q be a section of (π Q ) 1,0 . Let us observe that given a section γ is equivalent to giving a mappingγ :
If fact, given γ we defineγ =π 2 • γ whereπ 2 is the canonical projectionπ 2 :
conversely, givenγ we define γ as the composition γ(x, q) = (j x •γ)(x, q). Now, since (T 1 k ) * Q is the Whitney sum of k copies of the cotangent bundle, to give γ is equivalent to give a family (γ 1 , . . . ,γ k ) of 1-forms along the map π Q :
If we consider local coordinates (x α , q i , p α i ) we have the following local expressions:
Moreover, along this section we suppose that eachγ α satisfies that its exterior differential dγ α vanishes over two π R k -vertical vector fields. In local coordinates, using the local expressions (3.2), this condition implies that
Let us observe that if Z is integrable then Z γ is also integrable.
In local coordinates, if each Z α is locally given by
then Z γ α has the following local expression:
In particular, if we consider the k-vector field R = (R 1 , . . . , R k ) given by the Reeb vector fields, we obtain, by a similar procedure, a k-vector field (R
Next, we consider a Hamiltonian function H :
Notice that if Z satisfies the Hamilton-De Donder-Weyl equations (2.6), then we have
* Q be a section of (π Q ) 1,0 with the property described above. If Z is integrable then the following statements are equivalent:
Proof. Let us suppose that a section ψ :
) and as it is a solution of the Hamilton-De DonderWeyl equations for H, we have
Now, if we compute the differential of the function H • γ • i x : Q → R, we obtain that:
Therefore from (3.3), (3.6) and (3.7) and taking into account that one can write
As we have mentioned above, since Z is integrable, the k-vector field Z γ is also integrable, and then for each point (x, q) ∈ R k × Q we have an integral section
Conversely, let us suppose that (π Q )
dγ α = 0 and take ψ an integral section of Z γ . We now will prove that γ • ψ is a solution to the Hamilton-De Donder-Weyl field equations for H.
Since
From (2.7) and (3.5) we know that 9) and then since ψ(x, q) = (x, ψ i (x, q)) is an integral section of Z γ we deduce that
On the other hand, from (3.3), (3.8) and (3.10) we get
and thus we have proved that γ • ψ is a solution to the Hamilton-de Donder-Weyl equations.
* Q be a section of (π Q ) 1,0 satisfying the same conditions of the above theorem. Then, the following statements are equivalent:
Thus from (2.11) we know that
Now we are ready to prove the result.
Assume that (i) holds, then from (2.7), (3.3) and (3.11) we obtain
The converse is proved in a similar way by reversing the arguments.
be a solution of (2.6) and γ :
* Q be a section of (π Q ) 1,0 as in the above theorem. If Z is integrable then the following statements are equivalent: Let us observe that there exist k local functions W α such thatγ [12] ). Therefore, the condition
can be equivalently written as
The above expressions mean that ∂W
so that if we putH = H − K we deduce the standard form of the Hamilton-Jacobi equation (since H andH give the same Hamilton-De Donder-Weyl equations). ∂W
Therefore the equation
can be considered as a geometric version of the Hamilton-Jacobi equation for kcosymplectic field theories.
An example
In this section we will apply our method to a particular example in classical field theories.
The equation of a scalar field φ (for instance the gravitational field) which acts on the 4-dimensional space-time is (see [11] ): Since our main goal is to show how the method developed in Section 3 works, we will consider, for simplicity, the following particular case: In this particular example the functions W α are given by
where h ∈ C ∞ (R 4 ).
In [26, 31] , the authors describe an alternative method that can be compared with the above one.
First, we consider the set of functions W α : R 4 × R → R, 1 ≤ α ≤ 4 defined by
